Ch 10 The z-transform

e 10.1 The z-transform (p.741)

»\We will derive the z-transform by examining the effect of
applying a complex exponential input to an LTI system.

= The Input signal x[n]=z" Is a complex exponential signal.

H 7=relo

= Impulse response: h[n].

= System output y[n]=h[n]*x[n]
yinl= 3 hik]x[n—k]= 3" h[

k:—w k:—OO

mH(z)= Y hin)z”

N=—0

12" =2" > hlk]z™

k=—o0



» The z-transform of a general discrete-time signal x[n] is define

as X(@2)2 Y xnlz”

N=—o0

= X[n]«~— X (2)

» The relation between the z-transform and DTFT.

o0

X (re’)= "> x[n](re*)™" = i (X[n]r")e "

N=—o0 N=—o0

=\We can see that X(re!®) is the Fourier transform of the
sequence x[n] multiplied by real exponential r.

x[N]r "« X (re!?)

=r=1, |z|=1, x[n]«———X(2)| .= X(e")




»EX.10.1 x[n]=a"u[n]. Find the z-transform of x[n].

X(2)=Y aulnz" =Y (az’?)

N=—o0

= For convergence of X(z), we require that » |az™*[' <o

n=0
Wm|az '|<lor|z]>a]
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»EX. 10.2 x[n]=-a"u[-n-1]. Find the z-transform of x[n].

X(Z) _ Z H”M["‘H— 1]2_” _ Z a'z"
H=-—x n=-—w
_ _Zﬂ ”Z” — I_Z(H_IZ)”
n= n=10
1 1 Z
= — ] — = = < |d|.
A(z) =1 l—alz 1—az7! z—a 4 <lal
9m
Unit Circle
z-plane
B O<a<]l




>»EXx.10.3 X[n] = 7(%)”u[n]—6(%)”u[n] . Find the z-transform of
X[n].

X(z) = Z [TG) uln] — 6(—;—) u[n]} z "

400 n -+ n
=7 Z (1) uln]z™" — 6 Z (%) ulnlz™"
B 7 = (1 _.1)” o (1 . H
=7> 3% ~6> ok )
n=0 n={
3 -1
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e 10.2 The ROC for the z-transform (p.748)

» Property 1. The ROC of X(z) consists of a ring in the z-plane
centered about the origin.

+ oo
= Z [ x[n]|r™" < e

n=-—oc

= ROC as a ring In the z-plane. In some cases, the inner

boundary can extend inward to the o

origin, in which case the ROC e 2-plane
becomes a disk. In other cases, the /[
outer boundary can extend iy R
outward to infinity. Bl




»Property 2. The ROC does not contain any poles.

»Property 3: If x[n] is of finite duration, then the ROC is the

entire z-p

= EX. X

ane, except possib

-1]=1, x[0]=2, x[1]

= 8[n] > ?

= 8n-1] > ?

y z=0 and/or z=co.
=3.

»Property 4: If x[n] is a right-sided sequence, and if the circle
|z|=rq Is In the ROC, then all finite values of z for which |z|>r,
will also be in the ROC. (p.751)



»Property 5: If x[n] Is a left-sided sequence, and if the circle
|z|=ry Is In the ROC, then all finite values of z for which 0<|z|
<r, will also be in the ROC.

»Property 6: If x[n] is two sided, and if the circle |z|=r, IS In the
ROC, then the ROC will consist of a ring in the z-plane that

Includes the circle |z|=r,

dm

z-plane

Re



»Ex.10.7 x[n]=bM, b>0. Find the z-transform of x[n].
= X[n]=b"u[n]+b"u[-n-1]

= b"u[n]«~*— L —, |zpb
1-bz
= bru[-n-1]«Z>—+ |7k
1-b'z™ b
@ b>1
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@ 0<h<1

Unit circle
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_ Re
1 1 1 9m
b<|z|<x—
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»Property 7: If the z-transform X(z) of x[n] is rational, then its
ROC is bounded by poles or extends to infinity.

= Combining property 7 with properties 4 and 5, we have

»Property 8: If the z-transform X(z) of x[n] is rational, and If
X[n] 1s right sided, then the ROC is the region in the z-plane
outside the outermost pole—I.e., outside the circle of radius
equal to the largest magnitude of the poles of X(z2).
Furthermore, If X[n] Is causal, then the ROC also includes z= «

»Property 9: If the z-transform X(z) of x[n] Is rational, and if
X[n] is left sided, then the ROC is the region in the z-plane
Inside the innermost nonzero pole—I.e., inside the circle of
radius equal to the smallest magnitude of the poles of X(z)
other than any at z=0 and extending inward to and possible
Including z=0. In particular, if X[n] Is anticausal, then the ROC
also includes z=0.
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»EX. 10.8 Let us consider all of the possible ROCs that can be

connected with the function X (2) = 1
Q- 7ha-22%
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e 10.3 The inverse z-transform

> X[nr "« X (re’) where x[n]r™" :2i : X (re’)e’”"dw
72' T

1 jo joo\ N
x[n]:gjhxuel )(re'”)" dew
1 SE 11— 1
» x[n] = — P X(2)7" 'dz
21 j
»EX.10.9 Find the inverse z-transform for X(z)

X(z) = >~ 6 2] > 3.
(1= 21z =2z ’
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= X(2)= i + i
1-=z%t 1-=77
4 3

= x[n]=x,[n]+x,[n]

X [n]<*— - |z|>E
1—£z‘l 4

A
K N]elo—2 |z
1—Ez‘1 3

3

- x[n]=(§)“u[n1+2(§)“u[n]

x1[n]=(§)“u[n]

o[ =2G) uiln]
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327"
»EX. X(z) = I S 3<|z|<5
1=z =3z 4 3

- x[n]=(%)”u[n]—ﬂ%)”u[—n—l]

5 ]
— =7 1
- |z =.

»EX. X(2) = ,
G g 4

- x[n]=—(§>”u[—n—1]—2(%)“u[—n—1]

>EX. 10.12 X(2)=4z"+2+3z", 0<|zko

X[n]=45[n+ 2]+ 26[n]+ 35[n —1] X[n] =<

c w N N

—2

N
, N
n

0
1

. othewise
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»EX. 10.13 Find the inverse z-transform for X(z)

1
X(2)= - |z[>]a]
1-az
l+az '+a’z72 4+
1 —az ')l
1 —az™!
crz_l
az ' —a’z ?
2 -2
i Z
l _| “ 1
— = | +az ' +a z -
1 — az

+ .

1
X(z)= Clzkla
@)= |zKial
—a'z—a 7 -
—az '+ 1) r
1 — a !z
a 'z
l T
= —d I—d "I —....

] —az!
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»EX. Find the | mverse z-transform for H(z)

Z (z——) z3—%
R (z——)(z——)(z—i) ) poPp i, 1
3 3 4 12 36 18
14371480 2,
4" 1

h[n] = 1+§z +ﬂz +oe ‘12" T3 18
4 144 3, 17 1
4" 36 18

3, 45 51 3

Z+
4 48 144 72

-1

2
= ROC: |z]» =
3 67



Signal Transform ROC
1. 8[n] I All z
o |
2. uln] y— 2| = 1
I - -
3. —ul—n—1] e |2 < 1
4. 8[n — m] z " All z, except
OGf m = O)or
%= (if m < 0)
1
5. a"u[n] Iz = |t
| —az !
_ |
6. —a"u[—n—1] - 2| < ||
| —az !
- |
7. na'"uln] ST |2 > |e]
(I —ez 1)?
o
8. _”a”HE A Y l] (I—LE«T]): ‘f| < |ﬂ.ri
| — [cosewplz™!
9. [coswyn]i[n] 1 7 leoswolz z] = 1
1 — [2coswy]z
. | [sinwy]z .
10. [sinwgn]uln] [ eoswls T L z] =1
W | — [recoswylz™ )
11. [ coswyn]u[n] I P z| =
. 701
12, [ sinwyin]un] rsinwolz Z| =1

I — [2rcoswylz ' + 2




e 10.5 Properties of the z-transform (p.767)

» Linearity
Z
xi[n] «<— X(2), with ROC = R,

z
x2[n] «— X>(z), with ROC = R»,

z
ax|[n] + bxy[n] < aX(z) + bX>(z), with ROC containing R N R;.

» Time shifting
x[n]«—=— X (z), with ROC=R

with ROC = R, except for
the possible addition or dele-

tion of the origin or infinity.

. Z _
x[n — ngl «—— z7"X(2),
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»Scaling int

X

zpx[n] «— X

. Z .
E-*”‘”“”x[n] —> X(E—JW{JZ)_

Unit circle

N

ne z-transform
n]«~*— X (z), with ROC=R

<0

z-plane

Unit circle

N

(i), with ROC = |zo|R,

Im

z-plane
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> Time reversal
x[n]«—=~— X (z), with ROC=R

Z
x[—n] < X(3), withROC = ..

EX. X[n]=a"u[n].

1
X(2)=—— laklz]
= X[-n]=a"u[-n]
X<z>—i |z|<|—|

1—-a
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» Time expansion

xonln] = x[n/k], 1if n1s a multiple of k
(k) 0, if n is not a multiple of k
= has k-1 zeros inserted between successive values of the
original signal.

= X[n]«—=~— X (2), with ROC=R
zZ _ _
X(pln] «<— X(z"), withROC = R"*.

4o
= X(z) = > x[n)z",

©0) o0

S x ]z = 3 xnjz = 3 x[n](24) " = X ()

N=—o0 N=—o0 N=—00
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» Conjugation
x[n]«—=~— X (z), with ROC=R

Z
x'[n] «— X' ("), withROC = R.

= If x[n] is real, we can conclude X(z)=X"(z")

BmThus, If X(z) has a pole (or zero) at z=z,, It must also
have a pole (or zero) at the complex conjugate pointz = z;

» The convolution property

Z
xi|n] «<— X, (z), with ROC = R,

z
x2[n] «— X>(z), with ROC = R»,

_ Z | . ..
xi[n] * x2[n] «— X(2)X>2(z), with ROC containing R; N R».
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Ex. 10.15 Consider an LTI system for which y[n]=h[n]*Xx[n],
where h[n]=d[n]-d[n-1].

= h[n]=6[n]-S[n-1]<«2>H(2)=1-7"

B with ROC equal to the entire z-plane except the origin.
= X[n]«*— X (z), with ROC=R
= Y(@2)=H(2)X(z)=(1-27")X(2)

mwith ROC equal to R, with the possible deletion of z=0
and/or addition of z=1.

= Note y[n]=h[n]*x[n]= X[n]— x[n—1]
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» Differentiation in the z-domain
x[n]«—~— X (z), with ROC=R

dX (2)

nx[n]«~— -z , with ROC=R

Ex. 10.17 X(2)=In(1+az?), |z|>|al, find inverse z-transform for
X(2).

dX (z az™
= nx[n]«*t—>-z (2) _ —, |z > a]
dz 1+az
= d(—a)'uln] «— ] +£;’IE_]' z| > |al.
= a(—a)" 'uln — 1] «—— az” 2l > |al
T THag s M
—(—a)"

= x|n] = uln — 1].
n
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> The initial-value theorem

=1 x[n]=0, n<0, then x[0] = lim X(z).

-

= X(z) = Z.r[n]:a "

=1

1—§z‘1

1 1
a—gz)a—iz)

> Ex.10.19 X(z)=

1—§z‘l

DI=limX @)= &=
a—gz)a—gz)

, |z|>1/2. Find x[0]
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TABLE 10.1 PROPERTIES OF THE z-TRANSFORM

Section Property Signal z-Transform ROC
x[n] X(2) R
xi[n] Xi(2) R
xy[n] X>(2) R,
10.5.1 Linearity ax[n] + bx,[n] aX,(z) + bX-(2) At least the intersection of R; and R»
10.5.2 Time shifting x[n — ng] 77" X(z) R, except for the possible addition or
deletion of the origin
10.5.3 Scaling in the z-domain e/ x[n] X(e 1®0z) R
i x[n] X(?) 2R
a"x[n) X(a'7) Scaled version of R (i.e., |a|R = the
set of points {|a|z} for z in R)
10.5.4 Time reversal x[—n] X(z' " Inverted R (i.e., R~' = the set of
points z~', where z is in R)
: - xlrl, n=rk c k Ik (; : 1k
10.5.5 Time expansion Xwln] = for some integer r X(z") R"" (i.e., the set of points z''*, where
0, n#rk L
zisin R)
10.5.6 Conjugation x'[n] X(z") R
10.5.7 Convolution x1[n] = xa[n] X1(2)X5(2) At least the intersection of 8, and R»
10.5.7 First difference x[n] — x[n — 1] (1 -z"MX(z) At least the intersection of R and
2| >0
10.5.7 Accumulation > X[k T _1__| X(2) At least the intersection of R and
N |2 > 1
10.5.8 Differentiation nx[n] _Za’)a{(z) R
in the z-domain N
10.5.9 Initial Value Theorem

If x[n] = O for n < 0, then
x[0] = lm} X(z2)
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e 10.7 Analysis and Characterization of LTI systems using
Z-transform
» LTI system
=Y(z)=H(z)X(z), where X(z), Y(z) and H(z) are the z-
transform of the system input, output, and impulse response
respectively.

m H(z) referred to as the system function or transfer
function of the system.

» Causality

= A causal LTI system has an impulse response h[n] that Is
zero for n<0, and therefore is right-sided.

= A discrete-time LTI system is causal if and only if the
ROC of its system function is the exterior of a circle,
Include infinity. s



= A discrete-time LTI system with rational system function
H(z) is causal If and only If:

(a) the ROC is the exterior of a circle outside the outermost
pole; and

(b) with H(z) expressed as a ratio of polynomials in z, the
order of the numerator cannot be greater than the order of
the denominator.

»EX. 10.20 Consider a system with system function whose
algebraic expression Is

2°—27° + 17

H(z) =
°+=7+=
4 8
Causal system?
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» Stability

= The stability of a discrete-time LTI system is equivalent to
Its Impulse response being absolutely summable.

B |n this case the Fourier transform of h[n] converges, and
consequently, the ROC of H(z) must include the unit
circle.

= An LTI system is stable if and only if the ROC of its
system function H(z) includes the unit circle, |z|=1.

= A causal LTI system with rational system function H(z) Is
stable If and only if all of the poles of H(z) lie inside the
unit circle—I.e., they must all have magnitude smaller than
1.

31



Ex. 10.23 Consider a causal system with system function

1
1-az

H(z)=

-1

=which has a pole at z=a.

=For this system to be stable, its pole must be inside the unit
circle.

= |a|<1

»10.7.3 LTI systems characterized by linear constant-coefficient
difference equations

=Ex. 10.25 y[n]—%y[n —1]= X[n]+%><[n -1]

32



L a 1,
= Y(Z)_EZ Y(z)_X(z)+32 X(2)

= H(z2)=Y(2)/ X(z2)=

1—32‘l
2

1 n 1 1 n-1
z|>0.5 > h[n]:(E) u[n]+§(§) u[n —1]

1 n 1 1 n-1
21<0.5 > h[n]=~()"ul-n-1]-Z ()" ul-n]

N M N M
> > a,y[n—k]=> bxn- k]é)Zakz‘kY (2) =) bz7"X(2)
k=0 k=0 M k=0 k=0
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« 10.8 System function for interconnections of LTI systems

} E‘[Hl H 1 (Z)

){[ﬂ] --r---)::@ h1[”] R o y[”]
+
Ho(2) | g
X(2) E(2) neln) Y(2)

> E(2) = X(2) =Y (2)H,(2) and Y (z) = E(2)H,(2)

Y(z)/H,(z)=X(2)-Y (2)H,(z) > H(2) = \)((((zz)) 1t HH(lz()ZIZI (2)



Ex. 10.28 Consider the causal LTI system with system function

1
H(z)=
1—12‘l
4
Y(z) 1 1 B
X(Z)_l_éz—l = Y(z)—ZY(z)z = X(2)
4

= y[n]-0.25y[n-1]=x|n]

- y[n]

)=
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Ex. 10.29 Consider the causal LTI system with system function

1-2z71 1 _
H(2) == =(——)-27")
1-=z7+ 1-=77
4 4
x[n] ——E+ + v[n]_i :I _____________ ;6-5—> y[n]
¥ oo r
s R 5
.: ":1_ - w(n] |: i .—-_;..S[”] -2 i
X[N] —————( + — : ———l
A A
2—1
% ~— | —2
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Ex.10.30 Consider the second-order system function

1 1 2/3 1/3
H(z)=— 1 .. . 1., 1, . 1., . 1
1+=zH1-=z") 1+=z'-=z7° 1+=z" 1-=z77
2 4 4 8 2 4
x[n] (1 > y[n]

<« f[n]

Bl

Qo|—
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X[N] =—

LM

G| —

P —

=
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owo|—

/
1=t [t 19,1
>Ex. 10.31 H(z) = 41 i - -
1+=z'-=727°% |1+=z*' || 1-=7"
4 8 \ 4
5/3 14/3
St
1+=-z7% 1-=z
2 4
x[n] —> — —>(+ )—> yInl
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»EX. A system Is shown as follow. Find the transform function.

5

x[n] —=

X(2) Y,(2) Y@

= Y (z)=5X(z2)-Y,(z) and Y,(z) = X(2) +%z‘1Y1(z)

Y (2)=X(2) /(1—%2‘1)

B Y (2)=X(2)[5- i 1= X(2) 4‘;‘2_

A5z mg2) ;




Y(z) 4-477

X (2) - (1_32—1)

. y[n]=4{x[n]—x[n—1]}+§y[n—1]

= H(z)=

e 10.9 The unilateral z-transform
> Bilateral z-transform

» Unilateral z-transform

= That Is particularly useful in analyzing causal systems
specified by linear constant-coefficient difference equations
with nonzero initial conditions.
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= Define unilateral z-transform of x[n]

X(z) = Z x[n]z "

=0

x[n] i X(z) = UZ{ x[n]].
= The unilateral z-transform of x[n] can be thought of as the

bilateral transform of x[n]u[n].

= For any sequence that is zero for n<0, the unilateral and
bilateral z-transforms will be identical.

=Since X[n]Ju[n] 1s always a right-side sequence, the region
of convergence of IC(z) Is always the exterior of a circle.
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»10.9.1 (p.790)
Ex. 10.32 Consider the signal x[n]=a"u[n]
= The unilateral and bilateral transforms are equal for this

example. |
X(z) = e 2| > |al
Ex. 10.33 Let x{n] = a"'u[n + 11.
= The bilateral transform
<
X@ =gy >l

= The unilateral transform
a

X(z)=)> a"z "= ClzPla
nzz(; gt [z >|a]
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= In this case the unilateral and bilateral are not equal.

»\We consider a rational function of z written as a ratio of
polynomials in z (not in z1) --- p(2)/q(2).
=For this to be a unilateral transform (with the appropriately
chosen ROC as the exterior of a circle), the degree of the

numerator must be no bigger than than the degree of the
denominator.

B ®l/(1-azt) ? @7%(z-a) ?

» EX. y[n]=x[n-1]
Y = > xln— 1" = x[-11+ > x[n— 1]z
n=1

n=0
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= x[—11+ > x[nlz V= x[-11+z7' > x[nlz™",
n={) n=0

= Y(2) = x[—1] + 7 'X(2).
= The unilateral transform of w[n] = y[n — 1] = x[n — 2]

BW() = x[-2] + x[-1]z7" + z72%(2).

= x[n + 1] E—:» zX(z) — zx[0].

>10.9.3 (p.795)

Ex. 10.36, 37 Consider the causal LTI system described by the
difference equation y[n]+3y[n-1]=x|n]
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= The system function for this system is
H(z) = 1

1+ 3271

= L_et the Input X[n]=cu[n]. The unilateral z-transform of the
output y[n] Is
(8 4

U@ = H@DX(@) = I+ 32701 -z

(3/4)x N (1/4)cx
1+3z70  1-2z7V

=WiIth the initial condition y[-1]=24.
Y(2) + 3B + 327 'Y(2) =

4
1—2z1

3B + o
1+3z1 (Q1+3zHa-z1)

B Y = -
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=|f =8 and (=1
3

Y(z) = 1

B y[n] = [3(—3)" + 2]u[n],

+ 377!

2

+ ,
] — 771

forn = 0.
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