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i 7.1 The Euler Phi-function

Def : An arithmetic function 1s a function that is
defined for all positive integers.

Def : An arithmetic function is called multiplicative if
f(mn)=f(m)f(n), V(m, n) = 1.
It is called completely multiplicative if
f(mn)=f(m)f(n), Ym,n €Z*

7-3




+

s EX: f(n)=1 is completely multiplicative and

hence also multiplicative.
L vm,neZt, f(mxn)=1, f(m)=1,f(n)=1
=f(mxn)=f(m)xf(n).

g(n)=n Is completely multiplicative,

" g(mxn)=mxn=g(m)xg(n), Vv m,neZ*
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a| Thm : If n= P,*P,™...P.* where P, is prime,
Vi1<i<s,and if f i1s a multiplicative function,
then f(n)=Ff(P, " )f(P,* ).....f(P.*)

s Proof :
1. If s=1, i.e., n=P then f(n)=f(P,*).
2. Suppose that the theorem is true for s=k .
Let n=P*..P*P2", - P>..P* PX"=1,
f(n)=F(P," .. PEPEYPAY)=R( P ). f(PI)FPI
the theorem is also true for s=k+1
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s [ Thm : If p Is prime,then ¢(p)=p-1. Conversely, if
peZ* and #(p)=p-1,then p is prime.

= Proof: (1) If pis prime,then 1, 2, ..., p-1 are
relatively prime to p and less than p,

thus ¢(p)=p-1.
(2) Suppose p is composite, then 3 d,

1<d<p,suchthatd | p, I.e., (d,p) = 1.

= Jp) < p-2.
SfF g(p)=p-1, then p must be prime.
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m [Thm : Let p be a prime and aeZ*,

then ¢(p*)= p* -p*+

= Proof: Since p is prime,
we know positive integers int less than p?
and (int, p2) = 1 are the integers int = kp,
where 1 <k < pal,

. 4 p?)= p? - pA.
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= There are p integers that are less than or equal to p?
and not relatively prime to p?

4 . . . 2\ KpD)=p2-p

1 p 2p ... (p-1)p p?

1 p 2p (p-Lpp p°
Hp3)= p3 — p?

= Ex: ¢(53)= 53 -52 =100.
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EXx : Find ¢#(36).
<sol>:"."36 =4 x9 and (4, 9)=1
column
1 2 34 56 7 8 9

)@ 9E@N21@D@Y33 | relatively prime to 4
61014 18 22 26 30 34

2
3 (712151923 27@31¢
A4

row

B WN PP

— relatively prime to 4

812 16 20 24 28 32 36

.".there are ¢(4) rows relatively prime to 4

1=19 mod 9, 13=31 mod 9, 25=7 mod 9
5=23 mod 9, 17=35 mod 9, 29=11 mod 9

there are ¢(9) columns relatively prime to 9.
L d(36)= H4)p9) =2 x6 =12
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s | Thm: Letm, neZ* and (m, n)=1. Then

Hmxn)=g(m)x¢#n)
s Factl. Let(m,n)=1.
Then (a, mn)=1iff (@, m)=1and (a, n) = 1.
2.1f (r,m)=1,then (im+r, m)=1.
3. Thm 3.6: If {r,, 1o, ..., r,} IS & complete system
of residue modulo m and (a, m) = 1,then
{ar,+ b, ar,+ b, ..., ar,+ b} is also
a complete system of residue modulom, V b € Z.
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= Proof:. The positive integers not exceeding mn are

listed as follows.

1 m+l ... (n-1)m+l

///2 m+2 ... (n-1)m+2

mrows r m+r ... (n:-l)m+r
m 2m .. mn

“—_n columns /
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= Proof: (Cont.)

By fact 2, we have #¢(m) rows that are relatively
prime to m.

By fact 3, we have #(n) columns that are
relatively prime to n in each row of ¢(m) rows.
By fact 1, we have #(m)#(n) integers that are
relatively prime to mn.

Soo(mn)= g(m)g(n).
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» | Thm: Letn = p*p,*...p.* ,where p; is prime and
acZ* V1< 1<Kk, then

—n(1- Ly L 1
A= n(1- )15 - (1)

s Proof: "." ¢(n) is multiplicative,

Cogn)= A pt) Hps2) e Hpi)

a,-1

= (Py- PRY(PS= P ) e (PR PET)
a a a 1 1 1

= p2p®..pH*1- =)(1- (- =
R

=n(1- H- Y ...a- L
p]_ p2 pk
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= Remark: Let p, g, r be primes. Then

1. #pa) = (pP-1)(-1) = Ap)#q)
2. ¢(par) = Ap)AQ)Ar) = (p-1)(g-1)(r-1)
3. /(p-q) = Ap)Ha) = (p* - p)(a-1)

#( p* - 1)(g-1)
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= | Thm: Let n be a positive integer greater than 2.

Then #(n) Iis even.

= Proof: If n is a positive integer greater than 2,
then the prime-power factorization of
n=P P 3 p>2,5p-1iseven.
L4n) = Hp) Kp?) ... Kp*)

=p2 7 (p, -1) ..P>"(ps - 1) is even.
n=22 a>1, ¢n)=22-2al

7-15



+

= | Def : Let f be an arithmetic function, then 2. f(d)

d|n
represents the sum of the value of f at all

the positive divisor of n.

a EX: %f(d):f(l)+f(2)+f(3)+f(4)+f(6)+f(12)
1|12, 2|12, 3|12, 4|12, 6|12, 12|12.
« Property: 2f(d) = X()

d|n dln
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i Ex: 20 =1+2+3+4+6+12=28

|
d[12

12

— =12+6+4+3+2+1=28
d|12d

D #(d) = 1) +H2) +43) +H(4) +#H(6) +¢#(12)
d[12
=1+1+2+2+2+4=12
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i Thm : Let neZ* ,then Y ¢(d) =n.

din

= Proof:LetC,={m|1<m <nand(m,n)=dj.
Thenm e C, iff (m/d, n/d) =1

.".|C4| = the number of positive integers not
exceeding n/d that are relatively

prime to n/d

S Cyl = d(n/d)

T CunCy=9ifd;#d,

.".If we divided the integers 1 to n into C,,
and d | n, then

n=2|cd|=2¢<§>=z¢<d)

d|n 7_18d|n din
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= Ex:Letn =18, and classes C, contains those
iIntegers m with (m, 18) = d. Then
C,={1,5,7,11,13,17} |C,| = #18/1) = #(18)
C,=1{2,4,8, 10, 14, 16} |C,| = #9)

C; ={3, 15}, Csl = ¢(6)
Ce=1{6, 12} Cel = #A(3)
C, = {9} Col = #(2)

C.s=1{18} Cigl = A1)
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i 7.2 The Sum and Number of Divisors

= | Def. The sum of divisors function, denoted by o, Is
defined by setting o(n) equal to the sum of all the
positive divisors of n.

i.e. o(n)=).d

m |[Def: The numbedlp of divisor function, denoted by 7, Is

defined by setting 7z(n) equal to the number of positive
divisor of n.

l.e. 7(n)= Zl
= Remark: Ifnis Snrime then (n) =2, o(n)=n+1
= Thm: If f is multiplicative, then F(n) = ) f(d) is also
multiplicative. din
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= Proof: To show that F is multiplicative, we need to
show that if (m, n) = 1, then F(mn) = F(m)F(n).

Let (m, n) =1, then
F(mn) = > f(d)— by definition

d|mn

= > f(d,d,) - if d | mn,then 3d, | m and

d;|m
d,|n

d,|n,(d,d,)=1>dd, =d
= > f(d,)f(d,) - f ismultiplicative

d;|m
d,|n

= Zf(dl)zf(dz)

d;|m d,[n

=F(m)F(n) 721
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= |Corollary: The function of oand rare multiplicative.

= Proof: Let f(n) = nand g(n) = 1. Both fand g are
multiplication.

“ o(n) =Y f(d) and z(n)=) g(d),
d|n din
. o and rmultiplicative.

= Problem: Given n, how to find o(n) and z(n) effectively?
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s [Lemma: Let p be prime and a € Z*. Then

pa+1_1
o(p®) =(1+p+p>+..+p")= b1
and 7(p?) =a+1

= Proof: The divisors of p2are 1, p, p?, ..., p&?l, pa

pa+1_1
p-1

Lo(P)=(1+tptpit .. +p")=
and 7(p?) =a+1
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= | Thm: Let n have prime factorization n = p,2p,2... p,

then

a+l a+l as+l S i -1
G(n) — pl 1 p2 l ..... ps—l — pJ

pl_l pz_l ps_l j=1 pj_l

r(n)=(a, +Y(a, +1)...(a, +1) = f[(aj +1)

s Proof:'.. o and rmultiplicative. Use above Lemma.
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s EX: Find o(720) and #(720).

'+ 720 = 24.32.5
2° -1 3° -1 52 -1
2-1 3-1 5-1
7(720)=(4+D)(2+1D)(1+1) =30

=31-13-6 =2418

-.o(720) =
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7.3 Perfect Numbers and
i Mersenne Primes

= | Def: If n Is a positive integer and o(n) = 2n, then
n is called a perfect number.

= Recall that o(n) = Zd .

din

s EX
o6)=1+2+3+6=12

} Perfect number
0(28)=1+2+4+7+14+28=56
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i How to find all even perfect numbers?

s [ Thm: neZ* is an even perfect number iff

n =2m1(2m-1),

where meZ*> m > 2 and 2™-1 is prime.

= Proof:

(=) Let n=2m-1(2m-1) and2™-1 is prime,then
o(n)=o(2™*) o(2™-1)

=(2m-1)2M=2n

-.nis a perfect number.

(<) Let n be an even perfect number.Write n=25t,
where s,t eZ*and tis odd. .- (25,t)=1

- a(N)=6(25)=6(25) o(t)=(25*1-1) o(t)=2n=25*1t
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i = Proof: (Conti.)

(<) . (25+1,25%1-1)=1 =25*1| o(1)
It implies that o(t)=25"q
:>(28+1_1)28+1q:28+1t :>(2$+1_1)q:t :>q| t
and g=t
~.t+g=25*1g= oft)
If g=1,then --1|t,q|tt|t, ... o(t) > t+g+1> t+Q
-.0=1 and t=25*1-1 and o(t)=t+1 = t is prime.
-.n=25(25*1-1),where 25*1-1 is prime.
= To find even perfect numbers, we need to find primes
of the form 2™-1. How to find primes of the form?
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m [ Thm: If meZ* and 2™-1 Is prime, then m must be
prime.

= Proof: Assume that m is not prime,
(Le., m=ab,1<a<mandl<b<m)then

2m-1 = 28b-1 = (22 - 1)(220-1) + 2ab-2) + |+ 23+1)
Thus, 2™M-1 Is composite if m is not prime.
Therefore, if 2M-1 is prime, then m must be
prime.
s Q:Isittrue that if mis prime then 2™-1 is prime?
A: No.
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Def: If meZ*, then M, = 2™M-1 is called
the m-th Mersenne number.
If p is prime and M, = 2P - 1 is also prime, then
M, is called a Mersenne prime.
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= | Thm: If p Is an odd prime, and if g|M,=2P-1, then
g must be of the form 2kp+1, keZ*.

= Proof: Let g be prime and g|M,=2P-1
"."g Is prime, we have g|29-1-1
" g|(2r-1, 29-1-1) = 2(e.g-1)-1>1
J(p,g-)=p=plg-l,.,.dme Z*5g-1=mp
J.gisodd, ... miseven. = m =2k, k € Z*.
CS.g=mp+1=2kp+1
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= Above Thm can be used to develop an algorithm for
deciding whether M _=2M-1 Is a prime or not.

= [Algorithm:

Input: M, =2M-1, m Output: Yes or No.
1. Find|yM,, |=n

2. For k=1 to {%J

3. If 2km+1|M_, then output = No. Go to 6.
4. Next k.

5. Output = Yes

6. End
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Lucas-Lehmer Test
(Primality test for large Mersenne number)

Let p be a prime and M, = 2°-1
Define r, =4 and for k > 2

e = Mee® -2mod My, 0 <r, <M,
Then M, is prime iff r,; =0 mod M,
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= | Corollary: Let p be prime. It is possible to determine
whether M, is prime by using O(p?) bit
operations.

= Proof: p-1 x (logM,)* = O(p?) bit operations.

squaring
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Conjecture: There are infinitely many Mrsenne prime,
although, at 1992, a total of 32 Mersenne
primes are known. (Has not been proved)

7-35




