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Chap. 8

§8.1: Relations and Properties

•• Let Let AA, , BB be any two sets.be any two sets.
•• A A binary relationbinary relation RR from from AA to to BB, written (with signature) , written (with signature) 

RR::AA↔↔BB, is a subset of , is a subset of AA××BB.  .  
–– E.g.E.g., let , let << : : NN↔↔NN ::≡≡ {({(nn,,mm)) | | n n < < mm}}

•• The notation The notation a Ra R bb or or aRbaRb means (means (aa,,bb))R.R.
–– E.g.E.g., , a a << bb means (means (aa,,bb)) <<

•• If If aRbaRb we may say we may say ““aa is related to is related to bb (by relation (by relation RR))””, or , or 
““aa relates to relates to bb (under relation (under relation RR))””..

•• A binary relation A binary relation R R corresponds to a predicate function corresponds to a predicate function 
PPRR::AA××BB→→{{TT,,FF} defined over the 2 sets } defined over the 2 sets AA,,BB; ; e.g.e.g., , 
““eatseats”” ::≡≡ {({(aa,,bb)| organism )| organism a a eats food eats food bb}}

§ 8.1 – Relations and Properties
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Complementary Relations

•• Let Let RR::AA↔↔BB be any binary relation.be any binary relation.
•• Then, Then, RR::AA↔↔BB, the , the complementcomplement of of RR, is the , is the 

binary relation defined bybinary relation defined by
RR ::≡≡ {({(aa,,bb) | () | (aa,,bb))RR} = (} = (AA××BB) ) −− RR

Note this is just Note this is just RR if the universe of if the universe of 
discourse is discourse is UU = = AA××BB; thus the name ; thus the name 
complement.complement.

•• Note the complement of Note the complement of RR is is RR..
Example:  < = {(a,b) | (a,b)<<} = {(} = {(aa,,bb) | ) | ¬¬aa<<bb} = } = ≥≥

§ 8.1 – Relations and Properties
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Relations Example

•• Let Let A=A={0,1,2}, {0,1,2}, BB = {= {a,ba,b}. Then }. Then RR = {(0,= {(0,aa), ), 
(0,(0,bb), (1,), (1,aa), (2,), (2,bb)} is a relation )} is a relation RR: : AA↔↔BB. . 

0 0 RR a, a, 11 R a, R a, but 1 but 1 R bR b..

22
11
00

bbaaRR

§ 8.1 – Relations and Properties
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Inverse Relations

•• Any binary relation Any binary relation RR::AA↔↔BB has an has an inverseinverse
relation relation RR−−11::BB↔↔AA, defined by, defined by

RR−−1 1 ::≡≡ {({(bb,,aa) | () | (aa,,bb))RR}.}.
E.g.E.g., , <<−−11 = {(= {(bb,,aa) | ) | aa<<bb} = {(} = {(bb,,aa) | ) | bb>>aa} = } = >>..

•• E.g.E.g., if  , if  RR:People:People→→Foods is defined by      Foods is defined by      
aRbaRb  aa eatseats bb,  then:  ,  then:  
bb RR−−11 aa  bb is eaten byis eaten by aa. (Passive voice.). (Passive voice.)

§ 8.1 – Relations and Properties
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Relations on a Set

•• A (binary) relation from a set A (binary) relation from a set AA to itself is to itself is 
called a relation called a relation onon the set the set AA..

•• E.g.E.g., the , the ““<<”” relation from earlier was relation from earlier was 
defined as a relation defined as a relation onon the set the set NN of natural of natural 
numbers.numbers.

•• The The identity relation identity relation IIAA on a set on a set AA is the set is the set 
{({(aa,,aa)|)|aaAA}.}.

§ 8.1 – Relations and Properties



(c)2001-2003, Michael P. Frank 7

Chap. 8

Example

•• AA = {1,2,3,4} = {1,2,3,4} R= R= {({(a,ba,b))| a | a dividesdivides bb}}==?.?.
RR = {(1,1), (1,2), (1,3), (1,4), (2,2), (2,4),= {(1,1), (1,2), (1,3), (1,4), (2,2), (2,4),

(3,3), (4,4)}(3,3), (4,4)}
R      1     2     3    4
1       
2             
3                    
4                          

§ 8.1 – Relations and Properties
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Chap. 8

Example

•• QQ:: How many relations are there on a set   How many relations are there on a set   
with with nn elements?elements?

AA: : 1. What is the cardinality of 1. What is the cardinality of AAA A ifif A    A    
hashas n n elements?elements?

2. How many subsets are there for 2. How many subsets are there for AAAA??

§ 8.1 – Relations and Properties
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Reflexivity

•• A relation A relation RR on on AA is is reflexivereflexive if if aaAA,, aRaaRa..
–– E.g.E.g., the relation , the relation ≥≥ ::≡≡ {({(aa,,bb) | ) | aa≥≥bb} is reflexive.} is reflexive.

•• A relation is A relation is irreflexiveirreflexive iffiff its complementary its complementary 
relation isrelation is reflexivereflexive..
–– Note Note ““irreflexiveirreflexive”” ≠≠ ““notnot reflexivereflexive””!!
–– Example: Example: << is is irreflexiveirreflexive..
–– Note: Note: ““likeslikes”” between people is not reflexive, but not between people is not reflexive, but not 

irreflexiveirreflexive either.  (Not everyone likes themselves, but either.  (Not everyone likes themselves, but 
not everyone dislikes themselves either.) not everyone dislikes themselves either.) 

§ 8.1 – Relations and Properties
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Symmetry & Antisymmetry

•• A binary relation A binary relation RR on on AA is is symmetricsymmetric iffiff RR
= = RR−−11,, that is, if (that is, if (aa,,bb))RR ↔↔ ((bb,,aa))RR..
–– E.g.E.g., , == (equality) is symmetric.  (equality) is symmetric.  << is not.is not.
–– ““is married tois married to”” is symmetric, is symmetric, ““likeslikes”” is not.is not.

•• A binary relation A binary relation RR is is antisymmetricantisymmetric if if 
((aa,,bb))RR →→ ((bb,,aa))RR..
–– << is is antisymmetricantisymmetric, , ““likeslikes”” is not.is not.

§ 8.1 – Relations and Properties
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Transitivity

•• A relation A relation RR is is transitivetransitive iffiff (for all (for all aa,,bb,,cc))
((aa,,bb))RR  ((bb,,cc))RR →→ ((aa,,cc))RR..

•• A relation is A relation is intransitiveintransitive if it is not if it is not 
transitive.transitive.

•• Examples: Examples: ““is an ancestor ofis an ancestor of”” is transitive.is transitive.
•• ““likeslikes”” is intransitive.is intransitive.
•• ““is within 1 mile ofis within 1 mile of”” isis…… ? ? 

§ 8.1 – Relations and Properties
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Example

•• RR1 = {(2,1),(3,1),(3,2),(4,1),(4,2),(4,3)} = {(2,1),(3,1),(3,2),(4,1),(4,2),(4,3)} 
•• RR2 = {(1,1),(1,2),(2,1)} = {(1,1),(1,2),(2,1)} 
•• RR3 = {(1,1),(1,2),(1,3),(1,4),(2,2),(2,3),(2,4),= {(1,1),(1,2),(1,3),(1,4),(2,2),(2,3),(2,4),

(3,3),(3,4),(4,4)} (3,3),(3,4),(4,4)} 
•• Which  of the relations are Which  of the relations are transitivetransitive??

§ 8.1 – Relations and Properties



(c)2001-2003, Michael P. Frank 13

Chap. 8

Totality

•• A relation A relation RR::AA↔↔BB is is totaltotal if for every if for every aaAA, , 
there is at least one there is at least one bbBB such that (such that (aa,,bb))RR..

•• If If RR is is not totalnot total, then it is called , then it is called strictly strictly 
partialpartial..

•• A A partial relationpartial relation is a relation that is a relation that mightmight be be 
strictly partial.  Or, it might be total.  (In strictly partial.  Or, it might be total.  (In 
other words, other words, all relations are considered all relations are considered 
““partialpartial..””))

§ 8.1 – Relations and Properties
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Example

•• AA = {1,2,3,4} = {1,2,3,4} R= R= {({(a,ba,b))| a | a dividesdivides bb}}==?.?.
RR = {(1,1), (1,2), (1,3), (1,4), (2,2), (2,4),= {(1,1), (1,2), (1,3), (1,4), (2,2), (2,4),

(3,3), (4,4)}.   (3,3), (4,4)}.   Is Is RR totality?totality?
R      1     2     3    4
1       
2             
3                    
4                          

§ 8.1 – Relations and Properties
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Functionality

•• A relation A relation RR::AA↔↔BB is is functionalfunctional (that is, it is also a (that is, it is also a 
partial function partial function RR::AA→→BB) ) if, for any if, for any aaAA,, there is there is 
at most 1at most 1 bbBB such that (such that (aa,,bb))RR..

•• RR is is antifunctionalantifunctional if its inverse relation if its inverse relation RR−−11 is is 
functional.  functional.  
–– Note: A functional relation (partial function) that is Note: A functional relation (partial function) that is 

also also antifunctionalantifunctional is an invertible partial function.is an invertible partial function.
•• RR is a is a total functiontotal function RR::AA→→BB if it is both functional if it is both functional 

and total, that is, for any and total, that is, for any aaAA, there is , there is exactlyexactly 1 1 bb
such that (such that (aa,,bb))R.  R.  If If RR is functional but not total, is functional but not total, 
then it is a then it is a strictly partial functionstrictly partial function..

§ 8.1 – Relations and Properties
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Composite Relations

•• Let Let RR::AA↔↔BB, and , and SS::BB↔↔CC.  Then the .  Then the compositecomposite
SSRR of of RR and and SS is defined as:is defined as:

SSR R = {(= {(aa,,cc) | ) | aRbaRb  bScbSc}}
•• Note function composition Note function composition ffgg is an example.is an example.
•• The The nnthth power power RRnn of a relation of a relation RR on a set on a set AA can be can be 

defined recursively by:defined recursively by:
RR00 ::≡≡ IIA A ;; RRnn+1 +1 ::≡≡ RRnnRR for all for all nn≥≥0.0.

–– Negative powers of Negative powers of RR can also be defined if desired, by can also be defined if desired, by 
RR−−nn ::≡≡ ((RR−−11))nn..

§ 8.1 – Relations and Properties
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Example

•• Find the composite Find the composite SS  RR, where , where 
RR = {(1,1),(1,4),(2,3),(3,1),(3,4)}= {(1,1),(1,4),(2,3),(3,1),(3,4)}
SS = {(1,0),(2,0),(3,1),(3,2),(4,1)}= {(1,0),(2,0),(3,1),(3,2),(4,1)}

S S  RR = {                                                   }= {                                                   }

§ 8.1 – Relations and Properties
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Example

•• Find the powers Find the powers RRnn, where , where 
RR = {(1,1),(2,1),(3,2),(4,3)}.= {(1,1),(2,1),(3,2),(4,3)}.

}                                {2 R
}                                 {3 R




54

4

       
}                                 {

RR
R

Theorem:
The relation R
on a set A is 
transitive iff
RnR for n=1,2,…

§ 8.1 – Relations and Properties
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§8.2: n-ary Relations

•• An An nn--aryary relation relation RR on sets on sets AA11,,……,,AAnn, , 
written written RR::AA11,,……,,AAnn, is a subset, is a subset
R R  AA11×× …… ×× AAnn..

•• The sets The sets AAii are called the are called the domainsdomains of of RR..
•• The The degreedegree of of RR is is nn..
•• RR is is functional in domain Afunctional in domain Aii if it contains at if it contains at 

most one most one nn--tupletuple ((……, , aaii ,,……) for any value ) for any value 
aaii within domain within domain AAii..

§ 8.2 – n-ary Relations
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Relational Databases

•• A A relational databaserelational database is essentially an is essentially an nn--
aryary relation relation RR..

•• A domain A domain AAii is ais a primary keyprimary key for the for the 
database if the relation database if the relation RR is is functional in functional in AAii..

•• A A composite keycomposite key for the database is a set of for the database is a set of 
domains {domains {AAii, , AAjj,, ……} such that } such that RR contains at contains at 
most 1 most 1 nn--tupletuple ((……,,aaii,,……,,aajj,,……) for each ) for each 
composite value (composite value (aaii, , aajj,,……))AAii××AAjj××……

§ 8.2 – n-ary Relations
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Example

•• AA11 = {= {aa,,bb,,cc}, }, AA22 = {= {xx,,yy,,zz}, }, AA33 = {1,2,3,4}, = {1,2,3,4}, 
which is a primary key?which is a primary key?

33zzbb
44zzcc

22yyaa
11xxaa
AA33AA22AA11

§ 8.2 – n-ary Relations
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Selection Operators

•• Let Let AA be any be any nn--aryary domain domain AA==AA11××……××AAnn, , 
and let and let CC::AA→→{{TT,,FF} be any condition } be any condition 
(predicate) on elements ((predicate) on elements (nn--tuplestuples) of ) of AA..

•• Then, the Then, the selection operatorselection operator ssCC is the is the 
operator that maps any (operator that maps any (nn--aryary) relation ) relation RR on on 
AA to the to the nn--aryary relation of all relation of all nn--tuplestuples from from RR
that satisfy that satisfy C.  C.  
–– I.e.I.e., , RRAA,, ssCC((RR) = ) = RR{{aaAA || ssCC((aa) = ) = TT}}

§ 8.2 – n-ary Relations
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Selection Operator Example

•• Suppose we have a domain Suppose we have a domain 
A A = = StudentNameStudentName ×× Standing Standing ×× SocSecNosSocSecNos

•• Suppose we define a certain condition on Suppose we define a certain condition on AA, , 
UpperLevelUpperLevel((namename,,standingstanding,,ssnssn) :) :≡≡

[([(standing = standing = juniorjunior))  ((standingstanding = = seniorsenior)])]
•• Then, Then, ssUpperLevelUpperLevel is the selection operator that takes is the selection operator that takes 

any relation any relation RR on on AA (database of students) and (database of students) and 
produces a relation consisting of produces a relation consisting of justjust the upperthe upper--
level classes (juniors and seniors).level classes (juniors and seniors).

§ 8.2 – n-ary Relations
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Projection Operators

•• Let Let AA = = AA11××……××AAnn be any be any nn--aryary domain, and domain, and 
let {let {iikk}=(}=(ii11,,……,,iimm) be a sequence of indices ) be a sequence of indices 
all falling in the range 1 to all falling in the range 1 to nn,,
–– That is, where 1 That is, where 1 ≤≤ iikk ≤≤ nn for all 1 for all 1 ≤≤ kk ≤≤ mm..

•• Then the Then the projection operatorprojection operator on on nn--tuplestuples

is defined by:is defined by:
mk iii AAAP  

1
:}{

),...,(),...,(
11}{ mk iini aaaaP 

§ 8.2 – n-ary Relations
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Projection Example

•• Suppose we have a ternary (3Suppose we have a ternary (3--ary) domain ary) domain 
CarsCars==ModelModel××YearYear××ColorColor.  .  (note (note nn=3).=3).

•• Consider the index sequence {Consider the index sequence {iikk}= 1,3. (}= 1,3. (mm=2)=2)
•• Then the projection Then the projection P    P    simply maps each simply maps each tupletuple

((aa11,,aa22,,aa33) = () = (modelmodel,,yearyear,,colorcolor) to its image: ) to its image: 

•• This operator can be usefully applied to a whole This operator can be usefully applied to a whole 
relation relation RRCarsCars (database of cars) to obtain a list (database of cars) to obtain a list 
of model/color combinations available.of model/color combinations available.

{ik}

),(),(),( 3121
colormodelaaaa ii 

§ 8.2 – n-ary Relations
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Projection Example

•• What results when the projection What results when the projection PP1,3 is is 
applied to the 4applied to the 4--tuples (2,3,0,4), and tuples (2,3,0,4), and 
((aa11,,aa2,,aa3,,aa4)? )? 

§ 8.2 – n-ary Relations
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Join Operator

•• Puts two relations together to form a sort of Puts two relations together to form a sort of 
combined relation.combined relation.

•• If the If the tupletuple ((AA,,BB)) appears in appears in RR11, and the , and the 
tupletuple ((BB,,CC)) appears in appears in RR22, then the , then the tupletuple
((AA,,BB,,CC) appears in the join ) appears in the join JJ((RR11,,RR22).).
–– AA, , BB, , CC can also be sequences of elements can also be sequences of elements 

rather than single elements.rather than single elements.

§ 8.2 – n-ary Relations
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Join Operator

•• If the If the tupletuple ((AA,,BB)) appears in appears in RR11, and the , and the 
tupletuple ((BB,,CC)) appears in appears in RR22, then the , then the tupletuple
((AA,,BB,,CC) appears in the join ) appears in the join JJ((RR11,,RR22).).

•• RR:degree of :degree of mm;            ;            SS:degree of :degree of nn;;
JJp(R,S(R,S)=()=(A,B,CA,B,C): ): degree of degree of m+nm+n--pp, , 

where where RR=(=(A,BA,B), ), SS=(=(BB,,CC), |B|=), |B|=pp

§ 8.2 – n-ary Relations
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Join Example

•• Suppose Suppose RR11 is a teaching assignment table, is a teaching assignment table, 
relating relating ProfessorsProfessors to to CoursesCourses.  .  

•• Suppose Suppose RR22 is a room assignment table is a room assignment table 
relating relating CoursesCourses to to RoomsRooms,,TimesTimes..

•• Then Then JJ((RR11,,RR22) is like your class schedule, ) is like your class schedule, 
listing (listing (professorprofessor,,coursecourse,,roomroom,,timetime).).

§ 8.2 – n-ary Relations
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§8.3: Representing Relations

•• Some ways to represent Some ways to represent nn--aryary relations:relations:
–– With an explicit list or With an explicit list or tabletable of its of its tuplestuples..
–– With a function from the domain to With a function from the domain to {{TT,,FF}}..

•• Or with an algorithm for computing this function.Or with an algorithm for computing this function.

•• Some special ways to represent binary Some special ways to represent binary 
relations:relations:
–– With a With a zerozero--one matrixone matrix..
–– With a With a directed graphdirected graph..

§ 8.3 – Representing Relations
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Using Zero-One Matrices

•• To represent a relation To represent a relation RR by a matrix by a matrix 
MMRR = [= [mmijij], let ], let mmijij = 1 if (= 1 if (aaii,,bbjj))RR, else 0., else 0.

•• E.g.E.g., Joe likes Susan and Mary, Fred likes , Joe likes Susan and Mary, Fred likes 
Mary, and Mark likes Sally.Mary, and Mark likes Sally.

•• The 0The 0--1 matrix 1 matrix 
representationrepresentation
of that of that ““LikesLikes””
relation:relation: 
















   1   00
010
0   1      1   

Mark
Fred

Joe
SallyMarySusan

§ 8.3 – Representing Relations
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Zero-One Reflexive, Symmetric

•• Terms:Terms: ReflexiveReflexive,, nonnon--Reflexive, Reflexive, irreflexiveirreflexive,,
ssymmetric, asymmetric, and ymmetric, asymmetric, and antisymmetricantisymmetric..
–– These relation characteristics are very easy to These relation characteristics are very easy to 

recognize by inspection of the zerorecognize by inspection of the zero--one matrix.one matrix.

Reflexive:
all 1’s on diagonal

Irreflexive:
all 0’s on diagonal

Symmetric:
all identical

across diagonal

Antisymmetric:
all 1’s are across

from 0’s









































































0
0

101
0

   

0

01
1

   

0
0

0
0

   

1
1

1
1

any-
thing

any-
thing

any-
thing

any-
thing anything

anything
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Examples









































































0
0

101
0

   

0

01
1

   

0
0

0
0

   

1
1

1
1

any-
thing

any-
thing

any-
thing

any-
thing anything

anything
ExEx::IsIs RR reflexivereflexive, , symmetricsymmetric, and/or , and/or 

antisymmetricantisymmetric? ? 
ExEx::What are the matrices representingWhat are the matrices representing

RR1RR2 and and RR1RR2??


















110
111
011

RM

1221

2121

2121

RRRR

RRRR

RRRR

MMM

MMM

MMM
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Examples









































































0
0

101
0

   

0

01
1

   

0
0

0
0

   

1
1

1
1

anything
ExEx::What are the matrices representingWhat are the matrices representing

RR2 ??

















001
110
010

RM

 ]2[    2 RRRR
MMMM 
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Using Directed Graphs

•• A A directed graphdirected graph or or digraphdigraph GG=(=(VVGG,,EEGG) is a set ) is a set VVGG of of 
vertices (nodes)vertices (nodes) with a set with a set EEGGVVGG××VVGG of of edges edges 
(arcs,links)(arcs,links).  Visually represented using dots for nodes, .  Visually represented using dots for nodes, 
and arrows for edges.  Notice that a relation and arrows for edges.  Notice that a relation RR::AA↔↔BB can can 
be represented as a graph be represented as a graph GGRR=(=(VVGG==AABB, , EEGG==RR).).

















   1   00
010
0   1      1   

Mark
Fred

Joe
SallyMarySusanMR GR

Joe
Fred

Mark

Susan
Mary
Sally

Node set VG
(black dots)

Edge set EG
(blue arrows)

§ 8.3 – Representing Relations
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Digraph Reflexive, Symmetric
It is extremely easy to recognize the reflexive/It is extremely easy to recognize the reflexive/irreflexiveirreflexive/ / 

symmetric/symmetric/antisymmetricantisymmetric properties by graph inspection.properties by graph inspection.










Reflexive:
Every node

has a self-loop

Irreflexive:
No node

links to itself

Symmetric:
Every link is
bidirectional

 
Antisymmetric:

No link is
bidirectional

 



Asymmetric, non-antisymmetric Non-reflexive, non-irreflexive

§ 8.3 – Representing Relations
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§8.4: Closures of Relations

•• For any property For any property XX, the , the ““XX closureclosure”” of a set of a set AA is defined as is defined as 
the the ““smallestsmallest”” superset of superset of AA that has the given property.that has the given property.

•• The The reflexive closurereflexive closure of a relation of a relation RR on on A A is obtained by is obtained by 
adding (adding (aa,,aa) to ) to RR for each for each aaAA.   .   I.e.I.e.,, it is it is RR  IIAA

•• The The symmetric closuresymmetric closure of of RR is obtained by adding (is obtained by adding (bb,,aa) to ) to 
RR for each (for each (aa,,bb) in ) in RR.  .  I.e.I.e., it is , it is RR  RR−−11

•• The The transitive closuretransitive closure or or connectivityconnectivity relation relation of of RR is is 
obtained by repeatedly adding (obtained by repeatedly adding (aa,,cc) to ) to RR for each for each 
((aa,,bb),(),(bb,,cc) in ) in RR..
–– I.e.I.e., it is, it is 




Zn

nRR*

§ 8.4 – Closures of  Relations
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Examples

•• What is the reflexive closure of the relation What is the reflexive closure of the relation 
RR = {(= {(aa,,bb) | ) | a < ba < b} on the set of integers ? } on the set of integers ? 

RR  IIA A = {(= {(aa,,bb)| )| a < ba < b}} {({(aa,,aa) | ) | aaZ}Z} = {(= {(aa,,bb)| )| a a  bb}}
•• What is the What is the symmetric closuresymmetric closure of of RR = = {({(aa,,bb) | ) | a > ba > b} } on the on the 

set of positive integer? set of positive integer? 
RR  RR−−1 1 = {(= {(aa,,bb)| )| a > ba > b}}  {({(aa,,bb) | ) | a a < < bb}} = {(= {(aa,,bb)| )| a a  bb}}

•• The The transitive closuretransitive closure or or connectivity relation connectivity relation of of RR
RR = {(1,3),(1,4),(2,1),(3,2)}, = {(1,3),(1,4),(2,1),(3,2)}, RR2 = {                                   } = {                                   } 

RR3 = {                                 }, = {                                 }, RR4 = {                                   } = {                                   } 
So  R*So  R* = {= {

}}
§ 8.4 – Closures of  Relations
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Paths in Digraphs/Binary Relations

•• A A pathpath of length of length n n from node from node aa to to bb in the directed in the directed 
graph graph GG (or the binary relation (or the binary relation RR) is a sequence ) is a sequence 
((aa,,xx11), (), (xx11,,xx22), ), ……, (, (xxnn−−11,,bb)) of of nn ordered pairs in ordered pairs in EEGG
(or (or RR).).
–– An empty sequence of edges is considered a path of An empty sequence of edges is considered a path of 

length 0 from length 0 from aa to to aa..
–– If any If any path from path from aa to to bb existsexists, then we say that , then we say that aa isis

connected toconnected to bb.  (.  (““You can get there from hereYou can get there from here..””))
•• A path of length A path of length nn≥≥1 from 1 from aa to to aa is called a is called a circuitcircuit

or a cycle.or a cycle.
•• Note that Note that there exists a path of length there exists a path of length nn from from aa to to 

bb in in RR if and only if (if and only if (aa,,bb))RRnn..
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Simple Transitive Closure Alg.

A procedure to compute A procedure to compute RR** with 0with 0--1 matrices.1 matrices.
procedureprocedure transClosuretransClosure((MMRR:rank:rank--nn 00--1 mat.)1 mat.)

AA := := BB := := MMRR;;
forfor ii := 2 to := 2 to nn beginbegin

AA := := AA⊙MR;   B := B  A     {join}
end
return B {Alg. takes Θ(n4) time}

{note A represents Ri}
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A Faster Transitive Closure Alg.

procedureprocedure transClosuretransClosure((MMRR:rank:rank--nn 00--1 mat.)1 mat.)
AA := := BB := := MMRR;;
forfor ii := 1 to := 1 to loglog22 nn beginbegin

AA := := AA⊙A;      {A represents R  }
B := B  A     {“add” into B} 

end
return B {Alg. takes only Θ(n3 log n) time}

]2[ i

RM
2i
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Roy-Warshall Algorithm

•• Uses only Uses only ΘΘ((nn33) operations!) operations!
Procedure Procedure WarshallWarshall((MMRR : rank: rank--nn 00--1 matrix)1 matrix)

WW := := MMRR

forfor kk := 1 := 1 toto nn
forfor ii := 1 := 1 toto nn

forfor jj := 1 := 1 toto nn
wwijij := := wwijij  ((wwikik  wwkjkj))

return Wreturn W {this represents {this represents RR**}}
wij = 1 means there is a path from i to j going only through nodes ≤k 
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§8.5: Equivalence Relations

•• An An equivalence relationequivalence relation (e.r.) on a set (e.r.) on a set AA is is 
simply any binary relation on simply any binary relation on AA that is that is 
reflexive, symmetric, and transitivereflexive, symmetric, and transitive..
–– E.g.E.g., , == itself is an equivalence relation.itself is an equivalence relation.
–– For any function For any function ff::AA→→BB, the relation , the relation ““have the have the 

same same ff valuevalue””, or , or ==ff ::≡≡ {{((aa11,,aa22) | ) | ff((aa11)=)=ff((aa22))} } 
is an equivalence relation, is an equivalence relation, e.g.e.g., let , let m=m=““mother mother 
ofof”” then then ==mm = = ““have the same motherhave the same mother”” is an e.r.is an e.r.
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Equivalence Relation Examples

•• ““Strings Strings aa and and bb are the same length.are the same length.””
•• ““Integers Integers aa and and bb have the same absolute have the same absolute 

value.value.””
•• ““Real numbers Real numbers aa and and bb have the same have the same 

fractional part (fractional part (i.e.i.e., , aa −− bb  ZZ).).””
•• ““Integers Integers aa and and bb have the same residue have the same residue 

modulo modulo mm..”” (for a given (for a given mm>1)>1)
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Equivalence Classes

•• Let Let RR be any equiv. be any equiv. relrel. on a set . on a set AA..
•• The The equivalence classequivalence class of of aa,,

[[aa]]RR ::≡≡ { { bb | | aRbaRb }} (optional subscript (optional subscript RR))
–– It is the set of all elements of It is the set of all elements of AA that are that are ““equivalentequivalent”” to to 

aa according to the according to the eq.releq.rel. . RR..
–– Each such Each such bb (including (including aa itself) is called a itself) is called a 

representativerepresentative of [of [aa]]RR..
•• Since Since ff((aa)=)=[[aa]]RR is a function of is a function of aa, , any any 

equivalence relation equivalence relation R R be defined using be defined using aRbaRb ::≡≡
““aa and and bb have the same have the same ff valuevalue””, given that , given that ff..
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Equivalence Class Examples

•• ““Strings Strings aa and and bb are the same length.are the same length.””
–– [[aa] = the set of all strings of the same length as ] = the set of all strings of the same length as a.a.

•• ““Integers Integers aa and and bb have the same absolute value.have the same absolute value.””
–– [[aa] = the set {] = the set {aa, , −−aa}}

•• ““Real numbers Real numbers aa and and bb have the same fractional have the same fractional 
part (part (i.e.i.e., , aa −− bb  ZZ).).””
–– [[aa] = the set {] = the set {……, , aa−−2, 2, aa−−1, 1, aa, , aa+1, +1, aa+2, +2, ……}}

•• ““Integers Integers aa and and bb have the same residue modulo have the same residue modulo 
mm..”” (for a given (for a given mm>1)>1)
–– [[aa] = the set {] = the set {……, , aa−−22mm, , aa−−mm, , aa, , aa++mm, , aa+2+2mm, , ……}}
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Partitions

•• A A partitionpartition of a set of a set AA is the set of all the is the set of all the 
equivalence classes {equivalence classes {AA11, , AA22, , …… } for some } for some 
e.r. on e.r. on AA..

•• The The AAii’’s are all disjoint and their union = s are all disjoint and their union = AA..
•• They They ““partitionpartition”” the set into pieces.  the set into pieces.  Within Within 

each piece, all members of the set are each piece, all members of the set are 
equivalent to each other.equivalent to each other.
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